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Abstract—In Monte-Carlo simulations, various types of ran-
dom numbers are necessary for simulating various kinds of
stochastic phenomena. Using one-dimensional chaotic maps, we
can design statistical properties of the chaotic sequences, which
implies that chaotic sequences may be useful for Monte-Carlo
methods. In this paper, we examine auto-correlation properties
of binary sequences obtained by switching two chaotic binary
sequences generated by Bernoulli map. It is shown that binary
sequences with various new types of auto-correlation properties
can be generated.

Index Terms—Auto-correlation function, chaotic binary se-
quence, Bernoulli map

I. INTRODUCTION

Chaotic sequences can be used as random numbers for some
applications such as Monte-Carlo methods, stochastic comput-
ing, secure communications (cryptography) [1]. Especially, in
Monte-Carlo simulations, random numbers with appropriate
statistical properties are needed for simulating stochastic phe-
nomena [2]. Using one-dimensional chaotic maps and binary
functions, we can generate chaotic binary sequences with
various auto-correlation properties [3], [4].

In this paper, we generate new binary sequences obtained
by switching two chaotic binary sequences generated by
Bernoulli map. The auto-correlation properties of the new
binary sequences are investigated. It will be shown that we
can generate binary sequences with much more variety of
statistical properties by the proposed method.

II. CHAOTIC BINARY SEQUENCES GENERATED BY
BERNOULLI MAP

In this paper, we use Bernoulli map defined by [5]

Tp(x) = {

which is shown in Fig.1. Using one-dimensional nonlinear
difference equation given by

2z (0<z<d),
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we can generate a chaotic real-valued sequence {x,,}>2 .
979-8-3503-1327-7/23/$31.00 ©2023 IEEE

995

T(x)

0 172 1
X

Fig. 1. Bernoulli map

Next, define a pulse (binary) function by
1 for z € [a,b),

P[a,b)(l”) = { 0 forz ¢ [a,b). ©

Using P, ) (), we also define a binary function by

py() (i=1,2,---,2°"), @)

21
(m)( .y _ Op
B (x) = Z hy P, it
j=0
where hg-i) e {0,1}.
Here, we define the normalized auto-correlation function of
a sequence {a,}>° , by
El(an — Elan])(ante — Elay])]
Ela3] — Elan]? ’
where ¢ is a time delay and E[] denotes expectation. It
is known that chaotic binary sequences, {Bfm)(xn) i

Ct;an) = (&)

n=0-
generated by Bernoulli map and BZ-(m) (x) have the normalized
auto-correlation function given by [6]

1 (£=0),
C;B™y={ e ((=1,2,---,m—1) (6)
0 (£>m).

. o 3
In this paper, we use chaotic binary sequences {Bf )(xn)}j’fzo

(m = 3). Some examples of binary functions Bi(?’) (z) are
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Fig. 2. Examples of binary functions BZ@) (z)

TABLE 1
BINARY FUNCTIONS AND AUTO-CORRELATION VALUES

Generator-1

{ay,}

Generator-2
{bn}

binary function, where I; = [, [ESS) correlation value
L [ h [ L[ L [L][|I ][I ][ =1]¢=2
0 0 0 0 1 1 1 1 0 0
0 1 1 1 0 0 0 1 0 —0.25
0 0 1 0 1 0 1 1 0 —0.25
0 1 1 0 1 1 0 0 0.25 0
0 0 1 1 0 1 1 0 0.25 0
0 0 0 1 1 0 1 1 0.25 0
0 0 1 0 0 1 1 1 0.25 0
0 0 1 1 0 1 0 1 0.25 0
0 1 0 1 0 0 1 1 0.25 0
0 1 1 1 0 1 0 0 0.25 —0.25
0 0 1 0 1 1 1 0 0.25 —0.25
0 0 0 1 0 1 1 1 0.5 0.25
0 0 1 1 1 0 1 0 —0.25 0
0 1 1 1 0 0 1 0 —0.25 0
0 0 1 1 1 0 0 1 —0.25 0
0 1 1 0 0 0 1 1 —0.25 0
0 1 0 1 1 1 0 0 —0.25 0
0 1 0 0 1 1 1 0 —0.25 0
0 0 0 1 1 1 0 1 —0.25 0.25
0 1 0 0 0 1 1 1 —0.25 0.25
0 1 0 0 1 1 0 1 -0.5 0.25

0

Fig. 3. Proposed sequence generation scheme

o If ¢, =0, then ¢, 11 is given by taking the value of {a,,}
in order.
e If ¢, =1, then ¢, 11 is given by taking the value of {b,,}
in order.
This is illustrated in Fig.3. If each of {a,} and {b,} is an
i.i.d. (independent and identically distributed) sequence, c¢,, is
a Markov information source.
We investigate the auto-correlation properties of {c, }. As-
suming {c,} is also balanced (E[c,] = %), its numerical
(normalized) auto-correlation function is calculated by

R 1 N—-1
Cllien) = 5 Y (2en = 1)(2enpe = 1), (7
n=0

where we set N = 1,000,000. Figure 4 shows the auto-
correlation functions of {c¢,,} generated by some pairs of {a,, }
and {b,}. We find that various auto-correlation properties
are obtained by the proposed method. Also, we find that the
following common properties.

. Q(l; cn) =0 R

o C(25¢n) = (C(L;a,) + C(150,))/2

IV. CONCLUSIONS

Auto-correlation properties of binary sequences obtained by
switching two chaotic binary sequences generated by Bernoulli
map have been investigated. It has been shown that various
auto-correlation properties can be obtained by the proposed
sequence generation method. We will theoretically analyze the
auto-correlation function in future study.
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shown in Fig.2, where the binary functions are denoted by
“00001111” and “00100111” for simplicity. Also, Table I
shows the auto-correlation values of the binary sequences
for £ = 1,2. Note that the number of Is (and 0Os) of
each binary function in Table I is 4, that is, the binary
sequences {Bfg)(xn)}ff:o are balanced since Bernoulli map
has a uniform invariant density. In this paper, we consider such
balanced binary sequences.

III. SYNTHESIS OF TWO CHAOTIC BINARY SEQUENCES

Let {a,} and {b,} be two chaotic binary sequences and
assume they are independent of each other. We generate a
new binary sequence {c,} by switching {a,} and {b,} as
follows.

o The initinal value of {¢,} is ¢o = 0.

ber JP19K12158.
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Fig. 4. Auto-correlation functions of new binary sequences {cn }
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