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Abstract— Global Navigation Satellite System (GNSS) 

utilizes medium earth orbit (MEO) and geostationary earth 

orbit (GEO) satellites with time difference of arrival (TDOA) 

based multilateration technique to determine position. Due to 

the long orbital altitude of GNSS satellites from the earth 

surface, the signal strength is very low. This low signal is also 

remarkably attenuated and reflected by nature (tall trees) and 

buildings that induces large errors in pseudorange 

measurements. In contrast, the closer earth orbit of LEO 

provides strong signal power and high Doppler frequency shift 

range (±40kHz). This is advantageous to develop Doppler shift-

based positioning algorithm. However, using the iterative 

method of Doppler shift positioning the initial receiver position 

plays a vital role in ensuring convergence. To face this challenge, 

we have utilized the positioning outcome of GNSS as an initial 

receiver position and then utilized the Doppler shift-based 

algorithm to estimate the more precise position. Experimental 

results show that the proposed approach reduces positioning 

error significantly compared to the individual GNSS method. 

Keywords—Doppler-Shift, GNSS, TDOA, Multilateration. 

I. INTRODUCTION  

Global navigation satellite system (GNSS) may block in 
some geographical area such as large urban canyon, desert, 
forest due to its low signal power. The signals are attenuated 
and reflected by obstacles while propagating to the receiver. 
Moreover, present GNSS constellations are inefficient to 
provide good relative geometry line-of-sight (LOS) vector. On 
the other hand, a thousand of space vehicles (SVs) into LEO 
mega-constellations (i.e. Oneweb, Kuiper, Starlink, etc.) made 
a renaissance in LEO-based positioning, navigation, timing, 
remote sensing and communication (LEO-PNTRC) [1]. It has 
relative closer proximity of Earth compared to geostationary 
earth orbit (GEO) and medium earth orbit (MEO) satellites in 
GNSS. For example, LEO satellites are on a circular orbit at 
780 Km altitude which makes their signal much more than 
20dB stronger than that of GNSS signals. LEO constellations 
come up with sufficient geometric diversity for the LOS  
vectors [2]. User terminal (UT) can see multiple LEO 
satellites over the horizon and select the best one for 
communication and registration process in the network. LEO 
signals are more capable to penetrate indoors and to offer good 
coverage in deep urban canyons. The latency time has been 
reduced from 700ms to 100ms. Moreover, the closer earth 
orbit of LEO provides strong signal power and high Doppler 

frequency shift ranges from 40kHz [3]. As a result, LEO 
satellite constellation utilizing Doppler shift-based 
positioning can be an alternate to present pseudorange based 
GNSS. 

However, to ensure convergence in the LEO based 
Doppler shift positioning, the initial receiver position error 
plays a important rule. If we fail to set the initial point, then 
the positioning solution may not converge. For example, the 
initial positioning error should be less than 300 km when the 
satellites orbit is at an altitude of 550 km [4]. In order to 
address this challenge, we have utilized the GNSS positioning 
outcome as the initial guess for the LEO-based Doppler 
positioning to get precise user position. 

II. SYSTEM MODEL 

GNSS uses pseudorange based positioning over decades. 
The poor geometry between satellite and receiver effects the 
positioning accuracy in conventional GNSS. The inclusion of 
LEO satellite constellations enhance the capacity and 
performance of conventional geosynchronous orbit (GEO) 
and medium earth orbit (MEO) based GNSS. There is a high 
probability of poor geometric dilution of precision (GDOP) in 
GNSS scenarios. Hence, Doppler positioning can be 
integrated with pseudorange based GNSS positioning where 
the role of the GNSS is to share the positioning outcome that 
can be used by the Doppler shift-based positioning as an initial 
positioning guess. This approach can overcome the limitation 
where the positioning solution is not converged in Doppler 
shift-based positioning method. Fig. 1 shows the system 
model for the proposed method. Assume that UT has the 
ability to receive navigation messages from GNSS as well as 
estimate the Doppler shift from LEO satellites. Moreover, it 
can access the Two-line Element (TLE) [5] which contains 
the satellite velocity, position, and orbital information. 

 
Fig. 1. System model of the proposed precise positioning method. 
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III. PROPOSED METHODS 

Pseudorange based positioning: 

Most GNSS systems adopt the time-of-arrival (TOA) 
based ranging techniques to determine the user position [3]. 

The pseudorange measurements for the 𝑚𝑚th satellite is 

𝜌𝜌[𝑚𝑚] = ‖𝐱𝐱 − 𝐱𝐱[𝑚𝑚]‖ + 𝑐𝑐𝜕𝜕𝜕𝜕r − 𝑐𝑐𝜕𝜕𝜕𝜕s + 𝑐𝑐𝑐𝑐[𝑚𝑚] + 𝑐𝑐𝑐𝑐[𝑚𝑚] + 𝜀𝜀ρ
[𝑚𝑚]

,     (1) 

where 𝐱𝐱 = [𝑥𝑥, 𝑦𝑦, 𝑧𝑧]𝑇𝑇 is the receiver position and 𝐱𝐱[𝑚𝑚] =
[𝑥𝑥[𝑚𝑚], 𝑦𝑦[𝑚𝑚], 𝑧𝑧[𝑚𝑚]]𝑇𝑇is the position of the 𝑚𝑚th satellite in earth 

center earth fixed (ECEF) frame, 𝜕𝜕𝜕𝜕r is the receiver’s clock 
offset (sec), and 𝜕𝜕𝜕𝜕s is the satellite’s clock offset (sec). 𝐼𝐼[𝑚𝑚]is 

the ionospheric delay (sec); 𝑇𝑇[𝑚𝑚] is the tropospheric delay 
(sec); 𝜀𝜀ρ

𝑚𝑚  is the error in the range due to various sources, 

including receiver noise, multipath, orbit prediction (meters). 

After compensating the ionospheric, tropospheric error, (1) 
can be written as follows 

𝜌𝜌𝑐𝑐
[𝑚𝑚] = ‖𝐱𝐱 − 𝐱𝐱[𝑚𝑚]‖ + 𝑏𝑏𝑟𝑟 + 𝜀𝜀ρ̌

[𝑚𝑚]
,              (2) 

where 𝑏𝑏𝑟𝑟 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑟𝑟  is the error in range (in meters) due to the 

receiver’s clock bias and ε̌ρ
𝑚𝑚 is the total effect of residual 

errors. 

Eq. (2) can be linearized using Taylor series to the current best 
estimation, 𝐱𝐱EST = [𝑥𝑥EST, 𝑦𝑦EST, 𝑧𝑧EST]𝑇𝑇  and apply iterative 
method to get the position of user 𝐱𝐱 = [x, 𝑦𝑦, 𝑧𝑧]𝑇𝑇. 

δ𝜌𝜌c
𝑚𝑚 = (𝐆𝐆EST

m )𝑇𝑇δ𝐱𝐱 + δ𝑏𝑏r + ϵ̃ρ
m ,           (3) 

where δ𝜌𝜌c
𝑚𝑚 = 𝜌𝜌c

𝑚𝑚 − 𝜌𝜌𝑐𝑐,EST
𝑚𝑚 , δ𝑏𝑏𝑟𝑟 = 𝑏𝑏𝑟𝑟 − 𝑏𝑏𝑟𝑟,EST , 𝛿𝛿𝐱𝐱 = 𝐱𝐱 −

𝐱𝐱EST = [𝑥𝑥, 𝑦𝑦, 𝑧𝑧]𝑇𝑇 − [𝑥𝑥EST, 𝑦𝑦EST, 𝑧𝑧EST]𝑇𝑇 , LOS unit vector 

𝐆𝐆EST
[𝑚𝑚] = [𝑔𝑔𝑥𝑥

[𝑚𝑚] 𝑔𝑔𝑦𝑦
[𝑚𝑚] 𝑔𝑔𝑧𝑧

[𝑚𝑚]] [6]. 

For M satellites, the linearized pseudorange measurements are 

δ𝛒𝛒𝐜𝐜 =
[
 
 
 δ𝜌𝜌𝑐𝑐1

δ𝜌𝜌𝑐𝑐2

⋮
δ𝜌𝜌𝑐𝑐𝑀𝑀]

 
 
 

𝑀𝑀×1

=

[
 
 
 𝐆𝐆EST

1 1
𝐆𝐆EST

2 1
⋮ ⋮
𝐆𝐆EST

𝑀𝑀 1 ]
 
 
 

𝑀𝑀×4

[ δ𝐱𝐱
δ𝑏𝑏r

]
4×1

+

[
 
 
 
 𝜀𝜀𝜌̃𝜌1

𝜀𝜀𝜌̃𝜌2

⋮
𝜀𝜀𝜌̃𝜌𝑀𝑀]

 
 
 
 

𝑀𝑀×1

     (4) 

The positioning accuracy depends on a number of factors 
(elevation angles, NLOS, measurement noise). Using 
weighting factors, we can get the weighted least squares 
(WLS) solution 

[ δ𝐱̂𝐱
δ𝑏̂𝑏r

] = (𝐆𝐆T𝐖𝐖𝐖𝐖)−1𝐆𝐆T𝐖𝐖δ𝛒𝛒c ,                    (5) 

where W is the weighting matrix. 

The improved estimates of their states are 

𝐱̂𝐱 = 𝐱𝐱EST + δ𝐱̂𝐱  ,     (10) 

𝑏̂𝑏r = 𝑏𝑏r,EST + δ𝑏̂𝑏r                                  (6) 

The estimated 𝐱̂𝐱  is shared to the Doppler shift-based 

positioning as an initial position in (13). 

Doppler shift-based positioning: 

Doppler shift is the change of frequency of the 
electromagnetic signal due to the relative motion between the 
satellite and the UT [2]. Assume satellite (S) and receiver (R) 
are moving close to each other. At time 𝑡𝑡0 and t satellite 

location is 𝑆𝑆𝑡𝑡0 and 𝑆𝑆𝑡𝑡
𝑆𝑆𝑡𝑡0  and 𝑆𝑆𝑡𝑡. The Doppler shift can be expressed as 

𝑓𝑓d = 𝑟̇𝑟
𝜆𝜆                                     (7) 

where 𝑓𝑓d = Doppler shift, 𝑟̇𝑟 = rate of change of LOS vector 

between satellite and user terminal, 𝑟𝑟 = ‖𝐫𝐫s − 𝐫𝐫u‖ , 𝐫𝐫s  = 

position of satellite, 𝐫𝐫u  = position of receiver, 𝜆𝜆 = 𝑐𝑐
𝑓𝑓 

wavelength of the transmitter frequency of satellite, 𝑓𝑓 = 

frequency of the transmitter and c = velocity of light. 
Differentiating 𝑟𝑟 with respect to time t, 𝑟̇𝑟 can be revealed as 

𝑟̇𝑟 = { 𝐫𝐫s−𝐫𝐫u
‖𝐫𝐫s−𝐫𝐫u‖ ⋅ (𝐯𝐯s − 𝐯𝐯u)}                  (8) 

The error induced in the estimation of received frequency can 
be written as 

𝛿𝛿𝛿𝛿 = 𝑡̇𝑡u𝑓𝑓,                                  (9) 

where 𝑡̇𝑡u= receiver clock drift.  

Assume the user terminal received the frequency 𝑓𝑓u from the 

satellite. Then the doppler shift is 

𝑓𝑓u − 𝑓𝑓 = 𝑓𝑓d + 𝛿𝛿𝛿𝛿 + 𝜀𝜀f ,                  (10) 

where 𝜀𝜀f = measurement noise. 

Substituting the values of 𝑓𝑓d and 𝛿𝛿𝛿𝛿 in Eq. (10) and multiply 

by 
𝑐𝑐
𝑓𝑓 gives delta range  ρ̇ and can be expressed as 

𝜌̇𝜌 = { 𝐫𝐫s−𝐫𝐫u
‖𝐫𝐫s−𝐫𝐫u‖ ⋅ (𝐯𝐯s − 𝐯𝐯u)} + 𝑐𝑐𝑡̇𝑡u + ε̃f                   (11) 

The receiver position and drift vector 𝐱𝐱 = [𝐫𝐫𝑢𝑢
𝑻𝑻, 𝑐𝑐𝑡̇𝑡𝑢𝑢]𝑇𝑇 =

[𝑥𝑥𝑢𝑢, 𝑦𝑦𝑢𝑢, 𝑧𝑧𝑢𝑢, 𝑐𝑐𝑡̇𝑡𝑢𝑢]𝑇𝑇 , the delta range measurement vector 𝛒̇𝛒 =
[𝜌̇𝜌[1] 𝜌̇𝜌[2] ⋯ 𝜌̇𝜌[𝑛𝑛]]𝑇𝑇, and the delta range residuals function 𝛿𝛿𝛒̇𝛒 

yields 

𝛿𝛿𝛒̇𝛒 =

[
 
 
 
 
 
 
 𝐫𝐫𝑠𝑠

[1]−𝐫𝐫𝑢𝑢
‖𝐫𝐫𝑠𝑠

[1]−𝐫𝐫𝑢𝑢‖
⋅ (𝐯𝐯𝑠𝑠

[1] − 𝐯𝐯𝑢𝑢) + 𝑐𝑐𝑡̇𝑡𝑢𝑢 − 𝜌̇𝜌[1]

𝐫𝐫𝑠𝑠
[2]−𝐫𝐫𝑢𝑢

‖𝐫𝐫𝑠𝑠
[2]−𝐫𝐫𝑢𝑢‖

⋅ (𝐯𝐯𝑠𝑠
[2] − 𝐯𝐯𝑢𝑢) + 𝑐𝑐𝑡̇𝑡𝑢𝑢 − 𝜌̇𝜌[2]

⋮
𝐫𝐫𝑠𝑠
[𝑛𝑛]−𝐫𝐫𝑢𝑢

‖𝐫𝐫𝑠𝑠
[𝑛𝑛]−𝐫𝐫𝑢𝑢‖

⋅ (𝐯𝐯𝑠𝑠
[𝑛𝑛] − 𝐯𝐯𝑢𝑢) + 𝑐𝑐𝑡̇𝑡𝑢𝑢 − 𝜌̇𝜌[𝑛𝑛]

]
 
 
 
 
 
 
 

 ,         (12) 

where 𝑛𝑛 is the number of satellites. 

𝛿𝛿𝛒̇𝛒 is a function of 𝑔𝑔(𝐱𝐱) ∈ ℝ𝑛𝑛, n = number of measured delta 

ranges. 𝛿𝛿𝛒̇𝛒 measures the difference between the predict delta 

range with the measured delta range using argument 𝐱𝐱. The 

first order Taylor series is used to linearize the delta range 

residual function 𝑔𝑔(𝐱𝐱). 𝐱̂𝐱𝑘𝑘  is taken from (6). 

𝑔𝑔(𝐱̂𝐱𝑘𝑘 + 𝛿𝛿𝐱𝐱) ≈ 𝑔𝑔(𝐱̂𝐱𝑘𝑘) + 𝝏𝝏𝑔𝑔(𝐱𝐱)
𝝏𝝏(𝑥𝑥) |

𝑥𝑥=𝑥𝑥𝑘𝑘
𝛿𝛿𝛿𝛿 + 𝝏𝝏𝑔𝑔(𝐱𝐱)

𝝏𝝏(𝑦𝑦) |𝑦𝑦=𝑦̂𝑦𝑘𝑘
𝛿𝛿𝛿𝛿 +

𝝏𝝏𝑔𝑔(𝐱̂𝐱)
𝝏𝝏(𝑧𝑧) |

𝑧𝑧=𝑧̂𝑧𝑘𝑘
𝛿𝛿𝛿𝛿 + 𝝏𝝏𝑔𝑔(𝐱̂𝐱)

𝝏𝝏(𝑡𝑡𝑢𝑢)|𝑡𝑡𝑢𝑢= 𝑡̂𝑡𝑢𝑢𝑘𝑘
𝛿𝛿𝛿𝛿         (13) 

To get the derivative of function 𝑔𝑔(𝐱𝐱), the right-hand side of 
the Eq. (13) is set to zero such that 

𝑔𝑔(𝐱̂𝐱𝑘𝑘) + 𝝏𝝏𝑔𝑔(𝐱̂𝐱𝑘𝑘)
𝝏𝝏(𝐱𝐱) 𝛿𝛿𝐱𝐱 = 0                         (14) 

Weighting factors are considered based on the C/N0 can apply 
with the measurement of residual accordingly. Thus, using 

iterative WLS, the 𝛿𝛿𝒙𝒙 can be calculated as 

𝛿𝛿𝐱𝐱 = −(𝝏𝝏𝑔𝑔(𝐱̂𝐱𝑘𝑘)
𝝏𝝏(𝐱𝐱)

𝑇𝑇
𝐖𝐖 𝝏𝝏𝑔𝑔(𝐱̂𝐱𝑘𝑘)

𝝏𝝏(𝐱𝐱) )
−𝟏𝟏 𝝏𝝏𝑔𝑔(𝐱̂𝐱𝑘𝑘)

𝝏𝝏(𝐱𝐱)
𝑇𝑇
𝐖𝐖 𝑔𝑔(𝐱̂𝐱𝑘𝑘), 

𝐱̂𝐱𝑘𝑘+1 = 𝐱̂𝐱𝑘𝑘 + 𝛿𝛿𝐱𝐱,                                     (15) 

where 𝐖𝐖 is a diagonal matrix with diagonal elements {w1,w2, 

…,wk}. The estimation for the position and drift is updated 

iteratively until the 𝛿𝛿𝐱𝐱 reaches below the expected range. 

In Doppler positioning user terminal needs to know the 
velocities and positions of satellites. NORAD updates the 
TLE which contains orbital mechanics [5]. We used the TLE 
file to determine the position and velocity of LEO satellite. 
Fig. 2 shows the TLE file and LEO constellation simulated 
using TLE file considering user terminal at Ajou University, 
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Republic of Korea (37°16'56.9382"N, 127°02'36.2184"E) at 
a certain time. 

 

(a) 

 

(b) 

Figure 2. a. TLE file, b. A part of the Starlink LEO satellites orbits used in 
Doppler shift-based positioning. 

IV. EXPERIMENTAL RESULTS AND DISCUSSION 

The GNSS measurements can be accessible through 
Android (version 7 and others upgrade versions) OS. There 
has been remarkable improvement in the GNSS research 
community. This expands the scope of developing a new 
algorithm for improving the positioning performance. The raw 
GNSS data of 150-250s durations were captured using 
Samsung SM-A515F smartphone having Android (version 
10) operating system [7]. Then WLS based position 
estimation is done using GNSS measurement using MATLAB 
based GPS-measurement tools [8]. We have considered this 
position as initial guess for Doppler shift-based position 
estimation. 

The true location is 37°16'56.9382"N, 127°02'36.2184"E, 
near the statue of Pioneer, at Ajou University, Suwon, Seoul 
in South Korea. Fig. 3 shows the comparison of positioning 
error between pseudorange based positioning with the 
proposed method (integration of GNSS with Doppler shift-
based LEO Sat.) in 3-D. The maximum, minimum, and mean 
3-D positioning error of pseudorange-based positioning using 
GNSS satellite are 43.19m, 1.28m, and 15.07m respectively. 
The maximum, minimum, and mean 3-D positioning error of 
proposed method are 20.85m, 1.09m, and 6.53m respectively. 
The comparison of positioning error between pseudorange 
based positioning with the proposed method in north east 
down (NED) coordinate is shown in fig. 4. The mean ± 
standard deviation positioning error of conventional 
pseudorange based method in north, east, down direction is 
5.27±6.78m, 3.47±4.41m, and 13.68±15.54m respectively. 
The mean ± standard deviation positioning error of proposed 
method in north, east, down direction is 4.49±5.59m, 
3.94±4.98m, and 2.64±3.42m respectively.  

V. CONCLUSION 

This paper presents a new approach for precise positioning 
using integration of Doppler shift-based positioning technique 
utilizing LEO constellation with the existing pseudorange 

based positioning approach by GNSS. From the experimental 
results it is assumed that the proposed method outperforms 
pseudorange based conventional positioning method utilized 
by the existing GNSS. 

 
Figure 3. Comparison of positioning error between pseudorange-based 
positioning with the proposed method in 3-D. 

 

Figure 4. Comparison of positioning error between Pseudorange-based 
positioning with the proposed method in NED coordinate. 
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